Enveloping algebras of simple three-dimensional Lie algebras  by Malcolmson, P
JOURNAL OF ALGEBRA 146, 21C218 (1992) 
Enveloping Algebras of Simple 
Three- Dimensional Lie Algebras 
P. MALCOLMSON 
Wayne State University, Detroit, Michigan 48202 
Communicated by J. T. Stafford 
Received March 13, 1990 
The Killing form of a simple three-dimensional Lie algebra is shown to classify 
the Lie algebra and its enveloping algebra. The Lie algebra is isomorphic to the 
two-by-two trace-zero matrices (the so-called split case) if and only if the form is 
isotropic in the sense of quadratic form theory. In characteristic zero the skew field 
of quotients of the enveloping algebra is shown to be isomorphic to a Weyl skew 
field if and only if the Lie algebra is split. Automorphisms of the Lie algebra and 
its enveloping algebra are induced by isometries of the Killing form in the nonsplit 
case. 0 1992 AcademTc Press, Inc. 
Any simple three-dimensional Lie algebra over the complex numbers is 
known to be isomorphic to the Lie algebra of two-by-two matrices of trace 
zero. Over an arbitrary field there may be some others; Jacobson and 
others [J, p. 3103 have shown that for arbitrary fields any such Lie algebra 
is the commutator subalgebra of some finite-dimensional associative 
algebra, in this case a quaternion algebra. 
When the field is not algebraically closed, we find that the theory of 
ternary quadratic forms over the field can be used to show the existence of 
non-isomorphic simple three-dimensional Lie algebras, and to distinguish 
among them and among their enveloping algebras. We also get some 
information about the corresponding enveloping fields. In particular, in 
characteristic zero we can decide when the enveloping field is the so-called 
Weyl skew field. 
LIE ALGEBRAS AND QUADRATIC FORMS 
Let F be a field of characteristic not equal to two. Let L be a three- 
dimensional Lie algebra over F, say with basis X, y, z. For elements x’, y’, 
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z’ of L with x’=ax+by+cz, y’=dx+ey+fi, z’=gx+hy+iz let us use 
the notation 
Then for new elements x”, y”, z” we have (x”, y”, z”/x, y, z} = 
{x”, y”, Z”/X’, y’, z’} {x’, y’, z’/x, y, z}. 
Now assume that L is simple. Then we have [L, L] = L, so that the 
“structure matrix” 
S(x, y, z) = 
{ 
CY, 219 cz, xl, cx, Yl 
x, y, z I 
is nonsingular. It is easily verified that the Jacobi identity in this case 
implies that S(x, y, z) is symmetric. 
LEMMA 1. The basis elements can be chosen so that the structure matrix 
is diagonal with one entry required to be 1. 
Proof: Put A = {x’, y’, z’/x, y, z} as before. Then a computation with 
cofactors shows that 
AT CY’TZ’I? c 
i 
z’, 4, Cx’, Y’l 
CY, 21, cz, xl, cx, yl 1 =det(A)L 
Hence a change of basis (with A nonsingular) results in a change in the 
structure matrix as 
S(x’, y’, z’) = det(A) A-‘,S(x, y, z) A-‘, 
where APT denotes the inverse transpose of A. Now by the standard 
diagonalization of quadratic forms we can choose a new basis to 
diagonalize the symmetric matrix S(x, y, z), and additionally we can scale 
one diagonal entry by choosing det(A) properly. This completes the proof 
of the lemma. 
Thus we may assume that the basis x, y, z satisfies [y, z] = Ax, 
[z, x] = py, [x, y] = z, where 1, p are nonzero elements of F. We will 
denote the Lie algebra with this structure matrix by L(2, ,u). 
As examples we have sl,(F) and su,(F). The former is the set of two-by- 
two matrices over F with trace zero, under Lie bracket [u, u] = uu - vu. 
Using the basis 
x=(J2 ‘6) Y=(1;2 ‘f)? z=(‘f J2)’ 
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this is L( - 1, 1). The usual basis for s&(F) is e = x + y, f = y - x, h = 22, 
with [e, f] = h, [h, e] = 2e, [h, f] = -2f The Lie algebra su,(F) is the set 
of three-by-three skew-symmetric matrices over F and is isomorphic to the 
Lie algebra of three-dimensional vectors over F under the cross product. 
This algebra is L( 1, 1) using any basis x, y, z such that x is perpendicular 
to y and [x, y] = z. 
For any finite dimensional Lie algebra L and any element u E L we define 
ad,, : L + L by ad,(v) = [u, v]. Then the Killing form on L is the inner 
product (or, equivalently, the quadratic form) on L defined by U. u = 
trace(ad,oad,). Denote the diagonal matrix with diagonal entries 
al, a,, . . . . a,, by Wa,, a2, .-, a,). Now the Killing form for L(A, p) is easily 
computed to have the matrix K(x, y, z) = D( -2,u, -21, -22~) with respect 
to the basis x, y, z. We will denote this quadratic form by 
( -2~~ -2i, -2&). A change of basis as above results in a change in K 
according to the usual formula: K(x’, y’, z’) = AK(x, y, z) A ‘. We will refer 
to the scaled form (,a, i, 1~) as the modified Killing form for L(A, ,a). 
The latter sort of form is known as the “norm form” of a quaternion 
algebra (see [LAM, p. 561 or [ SCH, p. 761). The corresponding quater- 
nion algebra is a four-dimensional (associative) algebra over F with basis 
1, i, j, k and relations i2 = -p, j2 = -1, k = ij = -ji. It is a simple algebra 
with center F (central simple F-algebra). This algebra is denoted 
( -p, -A/F) and the subspace generated by i, j, k has the quadratic form 
given by the norm llai + bj + ckll = pa2 + Lb2 + Apt*. 
In certain cases the quadratic form (p, II, &L) has a vector which has 
value zero under the form (has “length” zero). Such a vector is called 
isotropic and when it exists the form is also called isotropic. This is referred 
to as the “split case” since a copy of the hyperbolic plane (1, -1) splits off 
as a direct summand. In the split case the corresponding quaternion 
algebra (- 1, l/F) is isomorphic to the two-by-two matrices over F and 
hence is also split in the sense of central simple algebras. 
T,HEOREM 1. For scalars I., p, A’, p’ E F, the following are equivalent: 
(a) the forms ( p, 1, A+) and ( p’, A’, i’p’ ) are isometric; 
(b) the algebras (-p, -A/F) and (-p’, -Al/F) are isomorphic; 
(c) the Lie algebras L(A, p) and L(A’, p’) are isomorphic. 
Proof: The first two parts are equivalent by quadratic form theory 
[LAM, p. 571. If (c) holds then certainly the corresponding Killing forms 
are isometric and this clearly implies (a). So assume (a), which amounts to 
the existence of a nonsingular matrix A such that O($, A’, 1’~‘) = 
AD(p, I, 1~) A”. Inverting both sides and multiplying by 2’~’ yields 
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By the proof of Lemma 1, A gives a Lie algebra isomorphism if and only 
if det(A) = A’$/& The initial equation involving A gives the square of this 
relation, while if the sign of det(A) is wrong then -A gives a Lie algebra 
isomorphism; this completes the proof. 
Note that the split case corresponds exactly to the Lie algebra sl,(F). In 
this case using the basis e, f, h as above we get that adi = ad; = 0, so these 
elements act “ad-nilpotently.” For any u = ax + by + cz E L(& p), the 
characteristic polynomial for ad,, can be computed to be T3 + 
(pa’ + j-b2 + + @c2) T. In the “nonsplit case” (when L(1, p) is not 
isomorphic to s/,(F)) the corresponding form is not isotropic; thus there 
are no nonzero elements which act ad-nilpotently on L(& p). 
Note also that the proof shows that the Lie algebra isomorphisms here 
are (up to sign) the same linear transformations as are the isometries 
preserving the quadratic forms. Thus the automorphism group for the Lie 
algebra is the same as the orthogonal group of the associated form. 
ENVELOPING ALGEBRAS 
We turn now to the corresponding universal enveloping algebra 
UL(1”, p) (see [J] or [D] ). Recall that this is the associative F-algebra 
generated by symbols x, y, z subject to the relations yz-zy = 1x, 
zx -xz = w, xy - yx = z. It contains a copy of L(& CL) under the com- 
mutator bracket [a, b] = ab - ba. For any associative F-algebra R we can 
regard R as a Lie algebra under the commutator bracket; then for any Lie 
algebra homomorphism from L(,$ p) to R there exists a unique associative 
F-algebra homomorphism from iJL(& p) to R extending the original (the 
universal property). We also note the existence of a specific central element, 
the Casimir element Q, of the enveloping algebra of any semisimple Lie 
algebra; in the case of UL(& p) this is 52 =1x2 + pyy2 +z2 (up to a scalar 
multiple). 
In the case of F having nonzero characteristic p we get other central 
elements of UL(,?, p). These include xp - ( -p)’ x, yP - ( - n)r y, zp - 
( -1~)’ z, where r = (p - 1)/2. Further, these four generators of the center 
satisfy a single polynomial relation. Here UL(I, II) is finitely generated as 
a module over its center. Sometimes in what follows we will need to take 
more care in the case of nonzero characteristic. 
LEMMA 2. The F-algebra UL(& p) contains a unique maximal ideal I of 
codimension four, and for this I the factor ring UL(;I, p)/I is isomorphic to 
the quaternion algebra ( - p, -n/F). 
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. Proof. It is easy to check that the subspace of (-p, -A/F) spanned by 
i, j, k forms a Lie algebra and that mapping x, y, z to i/2, j/2, k/2, respec- 
tively, gives a Lie algebra isomorphism. Thus we get an associative algebra 
homomorphism from UL(& ,u) onto (-p, -A/F), with kernel I. For the 
uniqueness, let us suppose that J is a maximal ideal of codimension four, 
and denote the images of x, y, z in UL(A, p)/J by X, j, 5. Since UL(A, p)/J 
is four-dimensional simple over F, it can be embedded in a two-by-two 
matrix ring over a subfield, so it satisfies the polynomial identity which 
says that (ab - ba)2 is central for any a, b. Each of X, y, z is a commutator, 
so each of their squares is central. Then we get 0 = [X, j2] = yZ + Zy and 
similarly that Xy + JZ = ‘55 + Xz = 0. -- Also 0 = [x, yz + Zy] = 2(F2 - pjJ2), 
and similarly we get that Z2=;1X2=pj2. Hence F2= [X, j12= (2Xy)2= 
-4X2j2 = -424/1,p. Now if Z2 =O, then xZ2 =0 = --zxZ, so that 0= 
[Z, X]Z = @. But then jZ = -Zy = 0 so ,G = [j, Z] = 0, whence all of 
X, y, z are zero, contradicting the assumption on the dimension of 
UL(A, p)/J. Thus F2 is a nonzero central (hence invertible) element, so Z2 = 
--np/4, X2 = -p/4, j2 = -n/4. Hence J is generated by the same elements 
as is I. 
This lemma and Theorem 1 immediately give the following. 
COROLLARY 1. For scalars A, p, A’, p’ E F, the Lie algebras L(A, ,a) and 
L(E,‘, pLI) are isomorphic if and only if the corresponding enveloping algebras 
UL(i, p) and UL(A’, p’) are isomorphic. 
ENVELOPING FIELDS 
Since each enveloping algebra UL(I, p) is a noetherian domain, it has a 
skew field of (say right) quotients QUL(A, p), the enveloping field of L. 
Certainly QUL(1, .D) contains a central subfield F(sZ). We will try to 
distinguish as above between QUL(%, p) and QUL(A’, p’). 
We now assume that our fields have characteristic zero. (Some remarks 
follow for characteristic p.) For any field K we denote by A,(K) the first 
Weyl algebra, generated over K by elements U, v satisfying [u, v] = 1. This 
is a simple algebra with a skew field of quotients which we will denote by 
D,(K). As a skew field this is also generated by v and t = UV, with relation 
tv = v(t + 1). This allows us to regard D,(K) as the skew field of quotients 
of a skew polynomial ring (Ore extension) over K(t). Thus we may regard 
D,(K) as a skew subfield of the “reversed” Laurent series skew field whose 
elements are of the form 
where f;(t) E K(t) and where we have the relation .f( t)v = vf( t + 1) as 
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before. The leading term of such an element is the (nonzero) term of highest 
degree in v. 
Examining the split case for QUsZ,(F) with generators e, f, h as above, 
we have 52= (2ef+ 2fe+h2)/4. In QUsl,(F) we get [h(2e))‘, e] = 1, so 
QUsl,(F) contains a copy of the Weyl algebra A,(F(SZ)) with u=h(2e))‘, 
v = e. In fact QUsl,(P) = D,(F(sZ)), since h = 2uv, f = (4e))’ (4C? - h2 + 2h). 
For any field extension K of F, we can extend the scalars of the Lie 
algebra L and obtain LOF K; it is clear that the K-enveloping algebra 
U(L @ K) is isomorphic to UL @ K as a K-algebra. In particular the latter 
is a domain. Now QUL 0 K is a partial localization of U(L 0 K) at the 
denominator set (UL - { 0}) 0 1 and is contained in the full localization 
QU(L@ K). In particular QUL@ K is also a domain. This implies that 
QUL contains no algebraic elements CI over F, since otherwise we could 
choose K = F(u) and then CI @ 1 - 10~ would be a zero divisor [GMB, 
p. 331. 
Actually, by dimension arguments over QUL we can see that QUL 0 K 
is a skew field if K is algebraic over F, while if K is not algebraic we need 
to take the skew field of quotients of the resulting domain. Let us denote 
the resulting skew field in either case by QUL & K. Then we get a notion 
of extending scalars which works even for the enveloping field: for any 
extension field K of F, the enveloping field of the Lie algebra LOP K is 
isomorphic to QUL a,, K. 
Now if (p, A,np) is isotropic over an extension field K of F, then by 
Theorem 1, L(l, p) @ K is isomorphic to s/,(K), so that QUL(l, p) @ K is 
isomorphic to D,(K(SZ)). We would like a converse; at this stage it will 
only work in characteristic zero because otherwise the center of QUL(A, ,a) 
is not purely transcendental over F. 
THEOREM 2. Suppose F has characteristic zero. If QUL(& p) @ Kr 
D,(E) as K-algebras for some extension fields K E E over F, then E = K(l2) 
and ( p, 5 1~) is isotropic over K. 
Prooj Let Z denote the center of QUL(A, p). It is clear that E is the 
center of D,(E) and hence is isomorphic to Z @ K. Now let M be the field 
extension F(c), for instance. We get that QUL(1, 11) @ A4 is isomorphic 
to DI(M(SZ)), so that .Z@M is isomorphic to M(R). Hence M(a) is 
dimension [M : F] 6 2 over Z. Since Z is known to contain F(Q), it must 
be equal to it. Thus E = Z @ K= K(R). Now regard the elements of D,(E) 
as reversed Laurent series over E(t), and write x0 1 = xi, N v%(t), and 
similarly for y, z with coefficients gi, hi. We may assume that the same N 
is used for all three and that not all offN, g,, h, are zero. Now Sz = ix2 + 
py2 + z2 is central, so it is in E. Let its leading term be u2Nk(t), so that 
k(t) = dfdt + Nfdt) + pgdf + NJ gdf) + h.dt + NJ hdf). 
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Then we must either have N = 0 or k(t) vanishes. In the former case the 
commutators [y, z], [z, x], [x, y] have leading terms in u- ’ or lower 
(since their leading terms commute). But these commutators are scalar 
multiples of x, y, z, contradicting our assumption on N. So assume that 
k(t) = 0 in E(t). We may expand these rational functions in reversed 
Laurent series xi, M t’ai as before. Let the leading term off,,,(t) be t”a (the 
same as that forf,(t + N)), that for g,+(t) be t”b, and that for hN(t) be t”c, 
with not all of a, b, c E E being zero. Then the equation of rational func- 
tions implies the coefficient of t 2M is Aa*+pb*+c*=O; hence ,n(la)*+ 
A( pb)* + @c* = 0, so that (CL, 1, @) is isotropic over E = K(G). Now Sz is 
transcendental over K, so to show (p, A, 1~) is isotropic over K, we may 
proceed again as we did for E(t); this is essentially the proof of this weak 
form of the “substitution principle” [LAM, p. 2551. This completes the 
proof of the theorem. 
COROLLARY 2. Suppose F has characteristic zero. If (p, A, &L) is not 
isotropic over F, then QUL(A, p) is not isomorphic to a Weyl skew field but 
is contained in one with index two. 
Proof Use the theorem with QUL(A, p) and the previous remark with 
QUL(A, p) @ F(G), for example. 
We remark that QUL(A, p) also contains a copy of the Weyl skew field 
with index two, as follows. Note that in QUL(1, p) we have [x, yP’z] = 
-y-l[x, y] y-‘z+y-‘[x,z] = -(y-‘z)*-p. Denote by w the latter; 
then [xw-‘, yP1z]= 1. So put u=xu’~‘, o=yP1z. The copy of DI(F((sz)) 
generated by u, u is the set of fixed elements of the automorphism of 
QUL(A, CL) induced by mapping x + x, y -+ -y, z + -z. 
Let us say that a field extension spfits the enveloping field over F if the 
tensor product is isomorphic to the appropriate Weyl skew field, as in 
Theorem 2. Now the theorem (with the remarks preceding it) says that a 
field extension splits the form if and only if it splits the enveloping field. 
This implies that the notion of a “universal” splitting field for the form 
(p, A,,@) over F is the same as that for the enveloping field (that is, there 
is a specialization from this field to any other splitting field). The extension 
field in this case is the field of quotients of F[X, Y, Z]/(pX’+IY* + 
IpZ2); it universally splits the form, the quaternion algebra, and the 
enveloping field. But Wadsworth ([WI, or even Witt) has shown that the 
universal splitting field (“function field”) for a three-dimensional form of 
determinant one determines the form up to isometry. This provides the 
missing implication to allow us the conclude the following. 
COROLLARY 3. For scalars A, p, A’, p’ E F, the Lie algebras L(A, p) and 
L(A’, p’) are isomorphic if and only zf the corresponding enveloping fields 
QUL(A, p) and QUL(A’, p’) are isomorphic. 
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In odd characteristic p, the Weyl algebra has dimension p2 over its 
center, which is generated by the algebraically independent elements up, up. 
Hence A,(K) has ideals generated by central elements. The skew field 
QUsZ,(F) is still isomorphic to D,(F(sZ)) and the same field extension 
remarks apply. We even can get QUL(J, p) is dimension p2 over its center 
Z. However, Z is not purely transcendental over F, there being an algebraic 
relation as described before Lemma 2. Thus we cannot immediately get the 
strong result of Theorem 2, only that if QUL(n, p) @ KrD,(E), then 
(p, i, &u) is isotropic over E and E(uP, vp) is isomorphic to Z & K. 
The additional remarks which immediately follow Corollary 2 hold for this 
case of characteristic p. 
AUTOMORPHISMS OF ENVELOPING ALGEBRAS 
As a last application of these methods, let us consider the 
automorphisms of the enveloping algebra UL(l, p) (as an F-algebra), again 
in characteristic zero. Suppose we are in the nonsplit case, so that 
(p, 1, Ap) is not isotropic over F. An automorphism of UL(l, /*) will carry 
x, y, z to X, Y, Z, respectively. The automorphism must carry Q to aS2 + b 
for some a, h E F, since it must preserve the center. But $2 = llx’ + py2 + z2, 
so that aQ + b = 1X2 + p Y2 + Z2. If any of X, Y, Z have any terms of 
degree greater than one, then examination of the leading term in this last 
equation will show that we can get a solution u, v, w to 1u2 + pv2 + w2 = 0 
over F. But then as before (p, 1, &) is isotropic over F, a contradiction. 
Also the augmentation ideal of UL(A, p) (generated by x, y, z) is the 
commutator ideal and so is stabilized by the automorphism. Hence 
each of X, Y, Z is in the Lie algebra and the automorphism is induced by 
a Lie algebra automorphism. These are the orthogonal transformations 
preserving the modified Killing form. 
For the split case of automorphisms of Us/,(F), not much can be said. 
But we can at least adjust the automorphism by a Lie algebra 
automorphism, so that X = x + higher degree terms, etc. 
ACKNOWLEDGMENTS 
The author acknowledges valuable conversations with G. Letzter, L. Makar-Limanov, 
L. Rowen, and D. B. Shapiro, and also thanks F. Okoh for his help. 
218 P.MALCOLMSON 
REFERENCES 
[GMB] G. M. BERGMAN, Zero-divisors in tensor products, in “Noncommutative Ring 
Theory,” Lecture Notes in Mathematics, Vol. 545, Springer-Verlag, Berlin, 1976. 
ID1 J. DIXMIER, “Enveloping Algebras,” North-Holland, Amsterdam, 1977. 
IJI N. JACOBSON, “Lie Algebras,” Wiley-Interscience, New York, 1962. 
[LAM] T. Y. LAM, “Algebraic Theory of Quadratic Forms,” Benjamin, Reading, MA, 1973. 
[SCH] W. SCHARLAU, “Quadratic and Hermitian Forms,” Grundlehren der mathematischen 
Wissenschaften, Vol. 270, Springer-Verlag, Berlin, 1985. 
WI A. R. WADSWORTH, Similarity of quadratic forms and isomorphism of their function 
iields, Trans. Amer. Math. Sot. 208 (1975), 352-358. 
